Realistic density dependent CDM3Yn versions of the M3Y interaction have been used in an extended Hartree-Fock (HF) calculation of nuclear matter (NM), with the nucleon single-particle potential determined from the total NM energy based on the Hugenholtz-van Hove theorem that gives rise naturally to a rearrangement term (RT). Using the RT of the single-nucleon potential obtained exactly at different NM densities, the density-and energy dependence of the CDM3Yn interactions was modified to account properly for both the RT and observed energy dependence of the nucleon optical potential. Based on a local density approximation, the double-folding model of the nucleus-nucleus optical potential has been extended to take into account consistently the rearrangement effect and energy dependence of the nuclear mean-field potential, using the modified CDM3Yn interactions. The extended double-folding model was applied to study the elastic 12 C+ 12 C and 16 O+ 12 C scattering at the refractive energies, where the Airy structure of the nuclear rainbow has been well established. The RT was found to affect significantly the real nucleus-nucleus optical potential at small internuclear distances, giving the potential strength close to that implied by the realistic optical model description of the Airy oscillation.
I. INTRODUCTION
During the last three decades, the double-folding model (DFM) of the nucleus-nucleus optical potential (see, e.g., Refs. [1] [2] [3] [4] [5] and references therein) has been successfully used to calculate the real heavy-ion (HI) optical potential (OP) for use in different nuclear reaction studies. It is straightforward to see from the basic folding formulas that the folding model generates the first-order (Hartree-Fock type) term of the Feshbach's microscopic OP [6] .
The success of the folding model description the observed elastic scattering of numerous HI systems, in particular, the nuclear rainbow pattern observed in the elastic scattering of the light HI systems [7] , clearly suggests that the first-order term of the Feshbach's microscopic OP is indeed the dominant part of the real nucleus-nucleus OP.
The basic inputs for a folding model calculation are the nuclear densities of the colliding nuclei and the effective nucleon-nucleon (NN) interaction between the projectile nucleons and those in the target. A popular choice in the past for the effective NN interaction has been the M3Y interaction [1] which was designed to reproduce the G-matrix elements of the Reid [8] and Paris [9] NN potentials in an oscillator basis. The original (density independent) M3Y interaction was used with some success in the folding model calculation of the real HI optical potential at low energies [1] , where the elastic scattering data are sensitive to the potential only at the surface, near the strong absorption radius R s.a. . Situation becomes different in cases of the refractive nucleus-nucleus scattering with the observation of the nuclear rainbow pattern [5] , where the elastic data measured at large angles were shown to be sensitive to the real OP over a wider radial range, down to small distances R < R s.a. . Here, the original M3Y interaction failed to give a good description of the data, and several realistic choices of the density dependence were included into the M3Y interaction [2, 3, 5, 10, 11] to account for the reduction of the attractive strength of the effective NN interaction at high densities of the nuclear medium, as the two nuclei closely approach and overlap with each other at small distances.
The explicit density dependence of the M3Y interaction considered in the present work was parametrized [2, 3, 11] to reproduce the saturation properties of symmetric nuclear matter (NM) in the standard Hartree-Fock (HF) calculation. To have a reliable density dependent interaction for use at different energies, the nucleon OP in NM obtained in the HF calculation [11, 12] (or the high-momentum part of the HF single-nucleon potential) was used to adjust the explicit energy dependence of the density dependent M3Y interaction against the observed energy dependence of the nucleon OP. However, the HF single-nucleon potential [11, 12] is roughly equivalent to the single-particle potential of the BruecknerBethe theory [13] , which lacks the rearrangement term that arises naturally in the Landau theory for infinite Fermi systems [14] . Such a rearrangement term (RT) also appears when the single-nucleon potential is evaluated from the total NM energy using the Hugenholtz and van Hove (HvH) theorem [15] , which is exact for all systems of interacting fermions, independent of the type of the interaction between fermions.
For infinite NM, it is straightforward to see that the HvH theorem is satisfied on the HF level only when the in-medium NN interaction is density independent, i.e., when the RT is equal zero [16] . As a result, the single-nucleon (or nucleon mean-field) potential in NM evaluated on the HF level using an in-medium, density dependent NN interaction is not compliant with the HvH theorem. It is of interest, therefore, to have a method to take into account properly the RT of the single-nucleon potential in NM on the HF level using the same density dependent NN interaction that was determined to reproduce the saturation properties of symmetric NM. Based on the exact expression of the RT of the single-nucleon potential given by the HvH theorem at each NM density and the empirical energy dependence of the nucleon OP observed over a wide range of energies, a compact method has been suggested recently [17] to account effectively for the RT in the standard HF scheme, by supplementing the density dependent CDM3Yn interaction [3] with the explicit contributions of the RT and of the momentum dependence of the nucleon meanfield potential.
For finite nuclei, the RT appears naturally [18, 19] when the variational principle is applied to solve the eigenvalue problem in the HF calculation, using an effective density dependent NN interaction. Such a RT in the HF energy density of finite nuclei is known to describe the rearrangement of the mean field due to the removal or addition of a single particle [20] .
In fact, it has been observed experimentally in the nucleon removal reactions at low energies that the interaction between the projectile nucleon and a target nucleon can induce some rearrangement of the single-particle configurations of other nucleons in the target [21] . In terms of the nucleus-nucleus interaction, such a rearrangement effect should also affect the shape and strength of the microscopic nucleus-nucleus OP constructed in the folding model using the single-particle wave functions of the projectile-and target nucleons. Because the standard double-folding calculations of the nucleus-nucleus potential are being done mainly on the HF level [3] [4] [5] , the impact of the rearrangement effect to the folded nucleus-nucleus OP has not been studied so far.
The present work is the first attempt to address this important issue. For this purpose, an extended version of the DFM is proposed to effectively include the RT into the folded nucleus-nucleus OP in the same mean-field manner, using consistently the same densityand momentum dependent CDM3Yn interaction determined from the extended HF study of NM [17] to be compliant with the HvH theorem. The extended DFM is applied to study in details the impact of the rearrangement effect of the nuclear mean field in the optical model analysis of the elastic, refractive 12 C+ 12 C and 16 O+ 12 C scattering at different energies.
II. SINGLE-NUCLEON POTENTIAL IN THE EXTENDED HF FORMALISM
We recall here the (nonrelativistic) Hartree-Fock description of homogeneous and symmetric NM at the given nucleon density ρ. Given the direct (v 
where the kinetic and potential energies are determined as
Here the single-particle wave function |kστ is plane wave. The nucleon momentum distribution n(k) in the spin-saturated, symmetric NM is a step function determined with the
According to the Landau theory for infinite Fermi systems [13, 14] , the single-particle energy ε(ρ, k) at the given nucleon density ρ is determined as
which is the change of the NM energy caused by the removal or addition of a nucleon with the momentum k. The single-particle potential U(ρ, k) consists of both the HF and rearrangement terms
where
and
It is clear from Eqs. (4) and (7) that the RT accounts for the rearrangement of the nuclear mean field due to the removal or addition of a nucleon [20] . When the nucleon momentum approaches the Fermi momentum (k → k F ), ε(ρ, k F ) determined from Eqs. (4)- (7) is exactly the Fermi energy given by the Hugenholtz -van Hove theorem [15] . Using the transformation
where Ω is the volume of symmetric NM, the RT of the single-particle potential U at the Fermi momentum can be obtained as
In difference from the RT part, the HF part of the single-particle potential is readily evaluated at any momentum
For the spin-saturated symmetric NM, the spin and isospin components of plane waves are averaged out in the HF calculation of the single-particle potential, and only the spin-and isospin independent terms of the central NN interaction are needed for the determination of the single-particle potential (9)- (10) . In the present work, we use two density dependent versions (CDM3Y3 and CDM3Y6) [3] of the M3Y interaction based on the G-matrix elements of Paris potential in a oscillator basis [9] . Thus, the central CDM3Yn interaction is determined explicitly as
(s), where s = |r 1 − r 2 |.
The radial part of the interaction v
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(s) is kept unchanged as determined from the spinand isospin independent part of the M3Y-Paris interaction [9] , in terms of three Yukawas The density dependence of the interaction (11) was assumed in Ref. [3] as a hybrid of the exponential and power-law forms in order to obtain different values of the nuclear incompressibility K in relatively small (10 to 20 MeV) steps from the HF calculation of NM.
Given this empirical choice of F 0 (ρ), a realistic range for the K value (the most vital input for the equation of state of cold NM) has been deduced accurately from the folding model analysis of the refractive α-nucleus and nucleus-nucleus scattering (see details in the review [5] ). Thus, we have used in the present work the following functional form for F (ρ) [3] 
Note that the interaction (11) is the isoscalar part of the central interaction. A more comprehensive HF study of the nucleon mean-field potential in asymmetric NM has been performed recently [17] , taking into account also the isospin dependent part of the CDM3Yn interaction. In the DFM calculation of the nucleus-nucleus optical potential, the isospin dependent part of the effective NN interaction is needed only if both nuclei have nonzero isospins in their ground states [24] . In the present study we have focused, therefore, on the extension of the DFM using the spin-and isospin independent interaction (11) only.
The parameters of the density dependence F 0 (ρ) were determined [3] the single-nucleon potential can be explicitly obtained as
Here
Applying the HvH theorem, the RT of the single-nucleon potential in symmetric NM is obtained explicitly at the Fermi momentum as
It is obvious from Eq. (14) that the RT becomes zero if the original density-independent M3Y interaction is used in the HF calculation of the single-nucleon potential. In this case, the HvH theorem is satisfied already on the HF level [16] . In general, as seen from Eq. (7), the RT of the nucleon mean-field potential should be present at arbitrary nucleon momenta. Microscopically, the momentum dependence of the RT was shown, in the Brueckner-Hartree-Fock (BHF) calculations of NM [25, 26] , to be due to the higher-order NN correlation, like the second-order diagram in the perturbative expansion of the mass operator or the contribution from three-body forces etc. In finite nuclei, the rearrangement effect in the nucleon removal reactions was shown [21] to be strongly dependent on the energy of the stripping reaction, a clear indication of the momentum dependence of the RT of the single-nucleon potential. Therefore, it is of interest to assess the momentum dependence of the RT of the single-nucleon potential on the HF level. Given the factorized density dependence of the CDM3Y3 and CDM3Y6 interactions, we have suggested recently [17] a compact method to account for the momentum dependence of the RT of the single-nucleon potential on the HF level. An important constraint for this procedure is that the momentum dependence of the total (HF+RT) single-nucleon potential reproduces the observed energy dependence of the nucleon OP. It was shown earlier [11, 12] that the momentum dependence of the HF potential (13) accounts fairly well for the observed energy dependence of the nucleon OP after a slight adjustment of the interaction strength at high energies. Therefore, in our extended HF formalism [17] the momentum dependent RT of the single-nucleon potential is assumed to have a functional form similar to (13)
where the density dependent contribution of the rearrangement effect is determined consis- interactions are shown as squares and circles, respectively. The solid curves are given by the density dependent functional (18) using the parameters in Table I .
tently from the exact expression (14) of the RT at the Fermi momentum as
Consequently, the total single-nucleon potential is determined in the extended HF approach as
Thus, the momentum dependence of the total single-nucleon potential is determined by that of the exchange term of U M3Y (ρ, k). One can see from the expressions (15)-(17) that the rearrangement effect gives rise to a modified density dependence of the central interaction
, and the total (HF+RT) single-nucleon potential (17) is readily obtained on the HF level. The density dependence of ∆F 0 (ρ) obtained from the exact expression of the RT given by the HvH theorem at each NM density using Eq. (16) is shown as squares and circles in Fig. 2 . One can see that the behavior of ∆F 0 (ρ) at high NM densities is quite different for the two density dependent CDM3Yn interactions and this is associated with different NM incompressibilities K given by these two interactions in the HF calculation of NM. Because ∆F 0 (ρ) < 0 over the whole range of NM densities, the contribution of the RT to the total single-nucleon potential is always repulsive. To facilitate the numerical calculation in the DFM, we have parametrized ∆F 0 (ρ) using the a density dependent functional similar to (12)
For convenience of the readers who are interested in using the modified CDM3Yn interaction (with the rearrangement contribution ∆F 0 (ρ) added) in their folding model calculation, the parameters of F 0 (ρ) and ∆F 0 (ρ) are given explicitly in Table I .
In the NM limit, the nucleon OP is determined as the mean-field interaction between the nucleon incident on NM at a given energy E and bound nucleons in the filled Fermi sea [12] .
Applying a continuous choice for the single-nucleon potential [27] at positive energies E, we obtain in the HF scheme the nucleon OP in symmetric NM [11, 12] as
Here k(E, ρ) is the (energy dependent) momentum of the incident nucleon propagating in the mean field of bound nucleons, and is determined as
It is easy to see that k(E, ρ) > k F and U HF is just the high momentum part of the HF potential (13) . Based on the above discussion, the total nucleon OP in the NM should also have a contribution from the RT added
where the density dependence ∆F 0 (ρ) of the RT is determined by the relation (16) and parametrized in Table I .
The total nucleon OP (21) evaluated at the NM saturation density ρ 0 using the CDM3Y3 interaction is compared with the empirical data [28] [29] [30] (circles), [29] (squares) and [30] (triangles). The momentum dependent factor g(k) was iteratively adjusted to the best agreement of the total nucleon OP (22) with the empirical data (solid line).
of the RT significantly improves the agreement of the calculated U 0 with the data at lowest energies, it remains somewhat more attractive at high energies in comparison with the empirical data. This effect is easily understood in light of the microscopic BHF results for the nucleon OP [27] , where the energy dependence of the nucleon OP in NM was shown to originate from both the (energy dependent) direct and exchange parts of the Brueckner G-matrix. That is the reason why a slight linear energy dependence has been introduced into the CDM3Y6 interaction [3] , in terms of the g(E) factor. To be consistent with the momentum dependence of the single-nucleon potential under study, instead of the g(E)
factor, we have introduced recently [17] a momentum (or energy) dependent scaling factor g k(E, ρ) to the CDM3Yn interaction (11) , and iteratively adjusted its strength to the best agreement of the (HF+RT) nucleon OP with the empirical data at the NM saturation density ρ 0 (see Fig. 3 ). Thus,
where k(E, ρ) is determined self-consistently from U 0 (E, ρ) via Eq. (20) . At variance with the g(E) factor fixed by the incident energy [3] , g k(E, ρ) scaling factor is a function of the (energy dependent) momentum of the incident nucleon (see Fig. 4 ), directly linked to the momentum dependence of the nucleon mean-field potential. Numerically, the obtained g k(E, ρ) function is almost identical for both the CDM3Y3 and CDM3Y6 interactions and can be considered as the explicit momentum (or energy) dependence of the CDM3Yn interaction that allows the incident nucleon to feel the nucleon mean field during its interaction with nucleons bound in NM. Such a momentum dependence is of a similar nature as the momentum dependence of the G-matrix in the microscopic BHF study of NM, which is determined self-consistently through the momentum dependence of the single-particle energies embedded in the denominator of the Bethe-Goldstone equation [26] . The technical difference here is that the k-dependence of g(k) is determined empirically from the best fit of the calculated nucleon OP (22) to the observed energy dependence of the nucleon OP.
Because g(k) becomes smaller unity at k 1.6 fm −1 (see Fig. 4 ), it has been used in our recent HF calculation [17] to adjust the high-momentum tail of the single-nucleon potential in NM.
III. DOUBLE-FOLDING MODEL OF THE NUCLEUS-NUCLEUS OPTICAL PO-TENTIAL
Given quite a strong rearrangement effect to the nucleon OP discussed above, it is of high importance to incorporate these effects in the many-body calculation of the nucleon-nucleus and nucleus-nucleus optical potentials. Based on the realistic treatment of the rearrangement effect and momentum dependence of the nucleon OP in the extended HF calculation of NM, a consistent inclusion of the RT into the single-folding calculation of the nucleon-nucleus OP for finite nuclei has been done [17] in the same mean-field manner, and the contribution of the RT was shown to be essential in obtaining the realistic shape and strength of the real nucleon OP. Because the double-folding model evaluates the nucleus-nucleus OP on the same HF-type level as the single-folding calculation of the nucleon-nucleus OP, the contribution of the RT to the total nucleus-nucleus potential is expected to be also significant. In the present work, we develop an extended version of the DFM to effectively include the RT into the double-folding calculation of the nucleus-nucleus OP in a similar manner, using consistently the same density-and energy dependent CDM3Yn interaction that was fine tuned to be compliant with the HvH theorem in the HF study of NM discussed in Sec. II.
We recall that in the DFM, the central nucleus-nucleus OP is evaluated as the HF-type potential [3, 5] using an effective (energy-and density dependent) NN interaction v c (ρ, E)
where |i and |j are the single-particle wave functions of the projectile (a) and target (A) nucleons, respectively. The direct part of the double-folded potential (23) is local and expressed in terms of the ground-state (g.s.) densities of the two colliding nuclei as
The antisymmetrization of the a + A system is done by taking into account explicitly the knock-on exchange effects. As a result, the exchange term of U F becomes nonlocal in the coordinate space [5] . An accurate local approximation is usually made by treating the relative motion locally as a plane wave [5] , and the exchange part of the double-folded potential (23) can be obtained in the following localized form
where ρ a(A) (r, r ′ ) are the nonlocal g.s. density matrices, M = aA/(a + A) is the recoil factor (or reduced mass number), with a and A being the mass numbers of the projectile and target, respectively. The local momentum K(E, R) of the relative motion is determined self-consistently from the real nucleus-nucleus OP as
where µ is the reduced mass of the two nuclei and V C (R) is the Coulomb potential.
At low energies, the pair-wise interaction between the projectile nucleons and those in target can induce certain rearrangement of the single-particle configurations in both nuclei.
Such impact by the rearrangement effect has been observed experimentally in the nucleon removal reactions [21] . In terms of the nucleus-nucleus interaction, the rearrangement effect should affect also the shape and strength of the nucleus-nucleus OP (23), constructed in the DFM using the single-particle wave functions of the projectile-and target nucleons.
Given the rearrangement contribution to the density dependence of the CDM3Yn interaction determined above in the HF study of the nucleon OP in NM, we have included the RT into the double-folding calculation of the nucleus-nucleus OP (23) in the same manner as done earlier for the single-folding calculation of the nucleon OP [17] . Namely, the RT given by the correction ∆F 0 (ρ) of the density dependence of the CDM3Yn interaction is added to the double-folded potential (23) , so that the total folded nucleus-nucleus OP is obtained in the present DFM calculation as
where the average local nucleon momentum in the nuclear mean field of the two interacting nuclei is given by k(E, R) = K(E, R)/M. One can see in Eq. (27) that the contribution of the RT is present in both the direct and exchange terms of the nucleus-nucleus OP.
Because the correction ∆F 0 (ρ) by the RT is parametrized in the density dependent form (18) similar to that of the CDM3Yn interaction (12), the double-folding integral (27) can be readily evaluated using the DFM developed earlier in Refs. [3] [4] [5] 22] , where the sum of the two g.s. densities of the colliding nuclei is adopted for the overlap density ρ appearing in F 0 (ρ) + ∆F 0 (ρ). Such a frozen density approximation (FDA) for the overlap density of the nucleus-nucleus system was discussed repeatedly in the past [1, 3, 5, 22, 23] , and FDA was proven to be a reliable approximation at the (refractive) energies considered in the present study (see, e.g., results of the quantum molecular dynamics simulation of the 16 
O+
16 O collision at 22 MeV/nucleon [22] where the overlap density in the compression stage is very close to that given by the FDA, or the comparison of the FDA and adiabatic density approximation in Ref. [23] ). At low energies, especially, those of nuclear astrophysics interest, FDA is no more accurate and an appropriate adiabatic approximation for the overlap density should be used instead.
It can be seen from Eqs. (26)- (27) that the energy dependence of the nucleus-nucleus OP folded with the CDM3Yn interaction is entirely determined by the local nucleon momentum k(E, R) that appears explicitly in the exchange term as well as in the local g k(E, R)
factor. Given the g(k) function determined above in the HF calculation of NM based on the observed energy dependence of the nucleon OP, the local g k(E, R) factor of the folded nucleus-nucleus potential (27) is interpolated from the g(k) values in the NM limit (see Fig. 4 ) for each local nucleon momentum k = k(E, R) determined self-consistently from Eq. (26) using an iterative procedure. Thus, g k(E, R) can be considered as the explicit energy dependence of the density dependent CDM3Yn interaction (11) , locally consistent with the nuclear mean field based on the real folded nucleus-nucleus potential (27) . This is an important new feature of the extended DFM compared to the earlier versions of the DFM [3, 4] where a linear energy dependence g(E) fixed by the incident energy was used to scale the CDM3Yn interaction. In general, the elastic HI scattering is associated with the strong absorption [1] that suppresses the refractive (rainbow-like) structure of the elastic cross section. Therefore, most of the elastic HI scattering occur at the surface and the measured elastic data carry little information about the nucleus-nucleus interaction potential at small distances (R < R s.a. ). However, situation becomes different in cases of the refractive α-nucleus or light HI scattering, where the absorption is weak and refractive structure of the nuclear rainbow appears at medium and large scattering angles, which enables the determination of the real nucleus-nucleus OP with a much less ambiguity, down to the sub-surface distances [5] . The nuclear rainbow pattern has been shown to be of the far-side scattering, and is usually preceded in angles by the Airy minima [5, 7] . The observation of these minima, especially, the first Airy minimum A1 that is immediately followed by a broad (shoulder-like) nuclear rainbow pattern, greatly facilitates the determination of the real OP [5, 31, 32] . It should be noted that the large-angle nuclear rainbow pattern observed in the (weak-absorbing) elastic α-nucleus or light HI scattering can be shown, using the semi-classical formalism of the elastic nucleus-nucleus scattering developed by Brink and Takigawa 40 years ago [33] , to be associated with the internal wave that penetrates through the Coulomb + centrifugal barrier into the interior of the real nucleus-nucleus OP, while the forward (diffractive) part of the elastic cross section is associated with the barrier wave reflected from the barrier.
As a result, the refractive (large-angle) elastic data are certainly sensitive to the real OP at small radii. In a further optical model (OM) study of the elastic 12 C+ 12 C scattering at low energies, the broad (Airy-like) oscillation of the elastic cross section at medium and large angles was shown by Rowley et al. [34] to be due to the interference of the far-side components of both the barrier and internal waves. Such an interference scenario is very similar (in the physics interpretation) to the Airy interference pattern of the nuclear rainbow discussed later in Refs. [5, 7, 31, 32] .
We recall here that there is a window in the energy or a range of the refractive energies, Like the earlier folding model studies of these data [3, 22, [35] [36] [37] , the (energy dependent)
folded potential (27) enters the OM calculation as the real OP and the imaginary part of the OP is assumed in the standard Woods-Saxon (WS) form. Thus, the total OP at the internuclear distance R is determined as
The Coulomb part of the optical potential V C (R) is obtained by directly folding two uniform charge distributions [41] , chosen to have RMS charge radii R C = 3.17 and 3.54 fm for 12 C and 16 O ions, respectively. Such a choice of the Coulomb potential was shown to be accurate up to small internuclear radii where the nuclear interaction becomes dominant [7] . The g.s.
nuclear densities of 16 O and 12 C used in the present DFM calculation were taken as Fermi distributions with parameters [23] chosen to reproduce the empirical matter radii of these nuclei. All the OM analyses were made using the code ECIS97 written by Raynal [42] , with the relativistically corrected kinematics. The renormalization factor N R of the real folded potential and WS parameters were adjusted in each case to the best agreement of the calculated elastic cross section with the measured elastic data, while keeping the shape of the complex OP within a consistent mean-field description.
A. 12 C+ 12 C system
Among numerous experiments on elastic HI scattering, 12 C+ 12 C is perhaps the most studied system, with the elastic scattering measured at energies ranging from the Coulomb barrier up to 200 MeV/nucleon. This is a strongly refractive system, with the energy dependent Airy structure of the nuclear rainbow well established. The elastic 12 C+ 12 C scattering data measured at different energies, over a wide angular range, enabled the determination of the real OP with a much less ambiguity. The deep family of the real OP for this system (which is quite close to that predicted by the folding model [7] ) gives a realistic evolution of the Airy minima shaping the famous "Airy elephants" in the 90
• excitation function at low energies, where the prominent minimum at 102 MeV in the 90
• excitation function is due to the second Airy minimum A2 passing through θ c.m. ≈ 90
• at that energy [40] . The elastic 12 C+ 12 C scattering was shown to be dominated by the far-side scattering at energies ranging from a few MeV/nucleon [34, 35] up to 200 MeV/nucleon [43] . In the present work we consider selectively 6 data sets of the elastic 12 C+ 12 C scattering measured at the incident energies of 139.5, 158.8, 240, 288.6, 360, and 1016 MeV [44] [45] [46] [47] [48] , which were shown in the earlier OM and folding model analyses [3, 7, 22, 35, 36] as sensitive to the strength and shape of the real OP at both the surface and sub-surface distances. In particular, the experiments on the 12 C+ 12 C scattering at E lab = 139.5, 158.8 [44] and 240 MeV [45, 46] were aimed at revealing as clearly as possible the nuclear rainbow pattern.
In the present work we focus on the impact of the rearrangement effect and momentum dependence of the nucleon mean-field potential in the folding model description of the refractive 12 C+ 12 C scattering. As shown earlier for the folded nucleon OP, the rearrangement effect of the nucleon mean field gives rise to a strong repulsive contribution of the RT to the real folded potential at small radii [17] . It is clear from Fig. 2 that the higher the nuclear density the stronger the effect caused by the RT. In case of the double-folded nucleus-nucleus potential, the overlap nuclear density is well above ρ 0 at small internuclear distances and the repulsive contribution by the RT is quite strong there. The (unrenormalized) total (HF+RT) real folded potential (27) obtained with the CDM3Y3 interaction for the 12 C+ 12 C system at E lab = 240 MeV is compared with the HF folded potential in Fig. 5 and one can see that the repulsive contribution of the RT is up to about 30 ∼ 40% of the potential strength at the smallest radii. In the same direction, the best OM fit to the elastic factor (solid line) determined from the best OM fit to the data (see Table II ).
12 C+ 12 C data at different energies requires also a shallower real OP compared to the deep HF folded potential which needs to be renormalized by a factor N R ≈ 0.7 ∼ 0.8 for the best OM description of the data (see Table II ). For the 12 C+ 12 C system at the considered energies, the impact of the RT is slightly too repulsive and the total (HF+RT) folded potential needs to be renormalized by a factor N R ≈ 1.1 ∼ 1.2 for the best OM description of the data. We emphasize that the best-fit parameters of the OP presented in Table II allow one to properly describe the Airy structure of the nuclear rainbow pattern observed for the 12 C+ 12 C system, using the CDM3Y3 folded potential. Using the real folded potential based on the CDM3Y6 interaction, we obtained the N R values about 5% larger than those obtained with the CDM3Y3 interaction and nearly the same WS parameters for the imaginary WS potential. Such a subtle effect is associated with a higher nuclear incompressibility K given by the CDM3Y6 interaction in the HF calculation of NM, which results on a slightly more repulsive contribution of the RT to the total folded potential.
The elastic 12 C+ 12 C scattering at 240 MeV is quite an interesting case (see Fig. 6 ). The first measurement of the elastic cross section at this energy [45] was done for angles up to θ c.m. ≈ 55
• only, and the folding model analysis [22, 35] given by the best-fit real folded potential with different absorptive strengths of the WS imaginary potential taken from Table II Fig. 7 but for the elastic 12 C+ 12 C scattering data measured at E lab = 288.6, 360, and 1016 MeV [47, 48] .
at large angles, but becomes much weaker at the most forward angles where the scattering cross section shows a typical oscillation resulting from the interference of the near-side and far-side scattering amplitudes. Given a realistic (mean-field based) energy dependence of the CDM3Yn interaction via g k(E, R) factor [see Eqs. (26)- (27)], the best-fit N R values obtained for the real HF+RT folded potential turned out to be around unity at the high energies of E lab. = 360 and 1016 MeV, while those obtained for the real HF folded potential are below 0.7 (see Table II ).
Thus, we have shown that the evolution of the Airy structure in the elastic 12 C+ 12 C scattering at the energies of 12 to 85 MeV/nucleon is well described by the real folded potential based on the modified density-and energy dependent CDM3Yn interaction that properly takes into account the rearrangement effect. With a strong impact of the RT to the nucleon mean-field potential at low energies [17] , the extended DFM should be further used in the OM study of the elastic 12 C+ 12 C scattering at low energies, to pin down the potential ambiguity in the low-energy regime and improve the consistent mean-field description of the elastic scattering and shape resonances in the 12 C+ 12 C system [51] . Since the late nineties, continuing efforts have been made by the Kurchatov-institute group to accurately measure the elastic 16 O+ 12 C scattering at the refractive energies (E lab = 132 to 330 MeV) using the heavy-ion accelerators of both the Kurchatov institute and Jyväskylä University [37, 49, 53, 54] . In the present work we consider the elastic 16 O+ 12 C scattering data measured at the incident energies of 132, 170, 200, 230, 260, 281, and 330 MeV by the Kurchatov group [37, 54] which exhibit quite prominent Airy structure of the nuclear rainbow, and the elastic 16 O+ 12 C scattering data measured at E lab = 300 and 608 MeV by Brandan et al. [55, 56] . To study the energy dependence of the OP of the 16 O+ 12 C system, the elastic data measured at E lab = 1503 MeV [57] were also analysed in the present work.
Among different elastic data measured at the refractive energies, the elastic 16 O+ 12 C scattering data at E lab = 200 MeV [37] are perhaps the most prominent example of the nuclear rainbow observed in the light HI scattering. The (unrenormalized) HF and HF+RT real folded potential (27) by the best-fit N R factor taken from Table III (solid line) .
potential strength at the smallest radii. The best OM fit to the elastic 16 O+ 12 C data at this energy also implies a real OP significantly shallower than the HF folded potential. It is remarkable that in the 16 O+ 12 C case, the best-fit renormalization coefficient N R for the HF+RT folded potential is very close to unity, while that obtained for the HF potential is N R ≈ 0.72 ∼ 0.75 (see Table III ). This shows that the real folded potential obtained in the extended DFM with the RT properly taken into account has a much improved predicting power for the real nucleus-nucleus OP, and the Airy structure of the elastic angular distribution observed for the 16 O+ 12 C system at the considered energies can be reproduced rather well, using the unrenormalized real HF+RT folded potential. The results of our folding 37] given by three choices of the real folded potential (27) shown in Fig. 9 , using the best-fit imaginary OP taken from Table III the locations of A1 and A2 are shifted to θ c.m. ≈ 79
• and 52
• , respectively. However, the primary rainbow pattern associated with A1 is still somewhat obscured and not clearly seen in the elastic data measured at 170 and 181 MeV. Thus, the most optimal energy for the observation of the primary rainbow pattern in the 16 O+ 12 C system is E lab = 200 MeV as shown in Fig. 10 , and the measured data are a very valuable probe of the strength and shape of the real OP for this system as discussed in Fig. 9 .
With the incident energy increasing to above 200 MeV, the location of the Airy minima of the OP, respectively. σ R is the total reaction cross section. 281 MeV [37, 49, 54] .
at E lab = 281, 300, and 330 MeV is the rise of the elastic cross section at large angles which is not caused by the Airy interference of the far-side trajectories [5, 7] . Because the shallow minimum associated with such a rise in the elastic cross section at large angles seems also moving slowly to smaller scattering angles with the increasing energy, an alternative order of where only the Fraunhofer oscillation of the elastic cross section caused by the near-far interference [5, 50] is visible in the measured data. Nevertheless, the large-angle exponential fall-off of the elastic cross section measured at these high energies is still dominated by the far-side scattering, and that has allowed us to determine the strength of the real folded (via N R renormalization factor) quite accurately.
From the results of our detailed OM analysis of the elastic 16 O+ 12 C scattering at energies up to 94 MeV/nucleon presented in Table III interaction in terms of the g k(E, R) factor used in the extended DFM calculation (26)- (27) , the best-fit renormalization factor of the real folded HF+RT potential remains close to unity at high energies (N R ≈ 0.92 and 1.02 at the energies of 38 and 94 MeV/nucleon, respectively). About the same trend was found with the best-fit N R factors given by the real CDM3Y6 folded potential, which are about 3-5% larger than those obtained with the real CDM3Y3 folded potential. As discussed above in Sec. IV A, this effect is associated with a higher nuclear incompressibility given by the CDM3Y6 interaction that leads to a more repulsion in the real folded potential at small radii. To illustrate the local energy dependence g k(E, R) of the CDM3Y3 interaction used in the extended DFM calculation (27) of the 16 O+ 12 C potential, we have plotted the local (energy dependent) nucleon momentum k(E, R) and the corresponding g k(E, R) factor in the upper and lower parts of Fig. 14 , respectively.
One can see that at low energies the real folded potential is deep at small distances R, so that the corresponding local relative-motion momentum K(E, R) [see Eq. (26)] or the average nucleon momentum k(E, R) = K(E, R)/M is significantly higher at small R compared to its asymptotic value at large R. The larger K(E, R) value implies a quicker oscillation of the relative-motion wave function, and the deep real folded potential at low energies, as
shown by Kondo et al. [51] , usually generates the partial-wave radial functions having the numbers of nodes precisely as required by the Pauli principle when the dinuclear system is antisymmetrized. The local g k(E, R) factor (see lower part of Fig. 14) was consistently interpolated from the explicit momentum dependence g(k) of the nucleon OP in NM shown in Fig. 4 , and it represents, therefore, the mean-field based energy dependence of the CDM3Yn interaction used in the extended DFM calculation of the 16 O+ 12 C potential. At low energies (E 20 MeV/nucleon) when k(E, R) 1.6 fm −1 , the g k(E, R) factors remain close to unity. At the high energy of 94 MeV/nucleon, the k(E, R) value is increased to above 2 fm
over the whole radial range (see upper part of Fig. 14) so that the corresponding g k(E, R)
factor is reduced significantly (see lower part of Fig. 14) . Thus, the consistent treatment of the mean-field based energy dependence of the CDM3Yn interaction via g k(E, R) factor helps to improve the predicting power of the real folded potential. Given an explicit contribution of the RT added to the density dependence of the CDM3Yn interaction and proper treatment of the momentum dependence of the nucleon mean-field potential in NM on the HF level, the double-folding model has been extended to take into account consistently the rearrangement effect in the DFM calculation of the nucleus-nucleus OP in the same mean-field manner. The contribution of the RT to the total nucleus-nucleus folded potential has been shown to be repulsive and particularly strong at small internuclear distances. This result is complimentary to the recent DFM calculation of the nucleus-nucleus OP using a G-matrix interaction that includes effectively the three-body force [63] . In fact, the microscopic origin of the RT was shown in the BHF study of NM [25, 26] to be due to the higher-order diagram in the perturbative expansion of the mass operator and the contribution of the three-body force.
The present extension of the DFM is an important milestone that allows us to obtain the realistic shape and strength of the real folded OP at small internuclear distances, which match closely those implied by the detailed OM analysis of the elastic 12 C+ 12 C and 16 O+ 12 C scattering data measured at the refractive energies. The realistic treatment of the (meanfield based) energy dependence of the CDM3Yn interaction in the extended DFM calculation significantly improves the predicting power of the real folded potential, especially, in the proper description of the Airy structure of the nuclear rainbow pattern observed in the elastic 12 C+ 12 C and 16 O+ 12 C scattering. All parameters of the modified density dependence of the CDM3Yn interaction that takes into account the correction by the RT and the mean-field based energy dependence are given in such details that the interested readers could easily include these parameters into their folding model calculation. The present development of the DFM for the nucleus-nucleus OP can be generalized and applied further in the folding model study of the inelastic nucleus-nucleus scattering [4] , to reveal, in particular, the impact of the rearrangement effect caused by the nuclear excitation. This is the object of our further research.
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